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lo6 statistically verified pseudorandom numbers, {qll and 
the set 2 of lo6 random numbers {tk2) generated physically. 
The mixing was done by applying the algorithm 
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ABSTRACT The number of elastically effective chains in an elastomeric network is vEE = 2[, where [ is the 
number of independent circuits, or the cycle rank of the network. This universal measure of network connectivity 
applies regardless of the functionalities of the junctions, of their statistical distribution, and of the distribution 
of free ends of chains in an imperfect network. It is unambiguously related according to = v, - pa to the 
number pa of “active” junctions arbitrarily identified as those joined by three or more paths to  the network 
and the number v, of active chains attached a t  both ends to active junctions. The number v, of active chains 
thus defined is not, however, a proper substitute for vert. 

Introduction 

of Gaussian chains is expressed rigorously by28 
The stored elastic free energy of a phantom network’ 

where X1, X2, and X3 are extension ratios along principal 
axes of the strain relative to the undeformed state of 
reference and is the cycle rank of the network3p4 or the 
number of independent circuits it contains. These circuits 
are assumed to be long, many chains being included in each 
of them. Otherwise stated, this qualification on the use 
of [ as a universal measure of network connectivity requires 
that the number of short, circuitous paths shall be negli- 
gible, a condition usually fulfilled in densely interpene- 
trating  network^.^ The elastic response of the network is 
then uniquely determined by 5; the number of junctions, 
their functionalities, and imperfections due to free (un- 
attached) ends of chains are subsumed in 4. 

The cycle rank can be equated to the difference between 
the number v of chains and the number + of labeled points 
i n  the network. These quantities are more fully defined 
in Figure 1. Junctions are represented in this figure by 
filled circles, free ends of chains by open circles. Their s u m  
is +, the total number of labeled points. Junctions may 
be of any functionality 4 2 2. Labeling of bifunctional 
“junctions” is optional; inclusion of those with 4 > 2 is 
obligatory. 

A chain is defined, in the usual way,5P6 as the sequence 
of units bounded by consecutively labeled points dong the 
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given path. In the terminology of graph theory, the chains 
are edges and the labeled points are vertices of a connected 
graph. It follows that 

t = v - + + l  

or, for a macroscopic network, 
t = v - +  (2) 

The quantities v and + refer exclusively to the network; 
coexisting material (sol) of finite molecular size is not to 
be included in their evaluation. 

Scanlan’ and Case8 have defined an active junction as 
one joined by at  least three paths to the gel network; see 
Figure 1. A junction connected to the network by only one 
path imposes no constraints that cannot be dissipated by 
diffusional relaxations. One with two paths to the network 
merely subdivides a chain into two chains without im- 
posing permanent constraints beyond those due to the 
junctions at the ends of the undivided chain. Junctions 
with only two paths to the network are therefore relegated 
to the inactive category according to the Scanlan-Case 
criteria. Scanlan’ and Casee define an active chain as one 
terminated by active junctions at  both of its ends. 

Pearson and Graesslef have shown that for a randomly 
interconnected network whose junctions are of even 
functionality (4 evenlo) 

t = va - Pa (3) 
where v, and pa are the numbers of “active” chains and 
“active” junctions as defined by Scanlan7 and Case.8 The 
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Figure 1. Schematic representation of a portion of a network. 
Junctions are shown by filled circles, chain ends by open circles. 
Arrows identify chains leading to the network by paths not in- 
cluded in the diagram. Each numeral denotes the number of paths 
to the network from the junction so labeled. 

simple proof presented below generalizes this result. The 
principal objective of the present paper is to clarify the 
essential distinction between active chains according to the 
Scanlan-Case definitions and the number veff of effective 
chains relevant to rubber elasticity theory. 

Analysis and Discussion 
Let all “trees” pendant to the network through one path 

only, including single chains with one end free (denoted 
by open circles in Figure 11, be removed. Further, let all 
superfluous labels at points representing “junctions” 
having a functionality of only two be eliminated. Then 
$ is reduced to p, and v to v,; i.e., all of the remaining 
junctions are active junctions and all of the remaining 
chains are active chains in the Scanlan-Case sense. 

In this process, the reductions in v and in the number 
of labeled points are equal; i.e. 

This follows because each tree removed has an equal 
number of labeled points and chains, and elimination of 
a superfluous label lowers both $ and v by unity. Com- 
bination of eq 4 with eq 2 gives eq 3 .  Thus, the latter 
relationship is generalized to networks of any kind. The 
functionalities of the junctions may be odd as well as even, 
and the combination of units by junctions is not required 
to occur in any prescribed manner; specifically, it need not 
occur a t  random. 

Each independent circuit effectively contributes two 
chains to the network. Hence, the number of effective 
chains is 

$ - p , = v - v ,  (4) 

veff = 25 ( 5 )  
I t  is important to observe that, in general, 

va # veff ( 6 )  
Identification of v, with veff is legitimate only in a perfect 
network, i.e., a network devoid of free chain ends. In such 
a network 

The nonequivalence of active and effective chains in 
imperfect networks may be illustrated by considering the 
incremental changes in v, and in 25 = veff that occur when 
two free ends, topologically remote in the network, are 
joined. Following the chain leading from one of these free 
ends toward the network, we note the number of pathways 
to the network from the next junction offering two or more 
pathways to the network; see Figure 1. Let the numbers 
thus found by following the chains extending from the 
respective free ends be i and i’. The increase Av, in the 
number of active chains, according to the Scanlan-Case 
criteria, resulting from joining the pair of free ends is half 
of the sum of the increases in the numbers of active chains 
attached to the two identified junctions. Results for 

Table I 
Increases in the Number of Active Chains 

I i‘ A% 

2 2 3 
2 23 2 

> 3  > 3  1 

various values of i and i f  are given in the last column of 
Table I. The cycle rank is increased by A5 = 1 for for- 
mation of a junction by fusion of any pair of free ends. The 
corresponding increase in the number of effective chains 
is invariably Aveff = 2. It does not depend on the local 
topology of the network connections, as the Scanlan-Case 
criteria would require and as the figures in the last column 
of Table I might suggest. 

The consequences of increasing the network connectivity 
through combination of other pairs of labeled points, one 
or both of which is a junction, may be similarly analyzed. 
The change is Aveff = 2A5 = 2 for any combination. On 
the other hand, Av, depends on the topologies of the 
network in the neighborhoods of the respective labeled 
points. The numbers of active chains as defined by 
Scanlan7 and Case6 depend therefore on the incidences of 
the various topologies and, hence, on the statistics of in- 
terlinking in the given network. 

Differences between v, and veff are illustrated by calcu- 
lations of Scanlan‘ for tetrafunctional networks formed by 
(i) random cross-linking of chains having the “most 
probable” distribution of lengths and (ii) chains of uniform 
length. For imperfect tetrafunctional networks, eq 5 yields 
the familiar relation5s6J1 

(8) 
where p4 in the number of cross-linkages and N is the 
number of primary molecules, or 

veff = ~4 - N 

where uo is the total number of chains in the network, M c  
is the average molecular weight of a chain, and is the 
average molecular weight of the primary molecules. The 
difference between veff calculated according to these al- 
ternative equations and v, put forward by Scanlan and 
Case as the proper measure of the number of elastically 
effective chains is substantial according to Scanlan’s cal- 
culation~.~ These comparisons underscore the importance 
of avoiding confusion of v, with vefC 
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